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Abstract

This research addresses the methodological challenges of reliably assessing stigmatized quantitative variables
while protecting respondents’ privacy and data integrity. We present innovative dual scrambling randomized re-
sponse framework (DSRRF-I) which utilize additive and subtractive scrambling algorithms for optimizing both
efficiency and privacy protection. By using dual scrambling variables and selecting respondents through simple
random sampling with replacement (SRSWR), the models yield unbiased, precise, and meticulous estimates of
means and sensitivity levels without increasing respondent burden. The mathematical derivations and thorough
simulations demonstrate considerable efficiency enhancements over standard randomized response strategies. Fur-
thermore, the proposed models adapt seamlessly to various data collection environments, ensuring robustness
across diverse settings. Our findings underscore the potential of these models to transform the landscape of sen-
sitive data collection, providing more reliable estimates in public health and social research. The flexibility of
DSRRFs-I also paves the way for future advancements in privacy-preserving survey techniques, offering a versatile

tool for tackling complex measurement issues.

Keywords: Stigmatized Quantitative Variables, Privacy Protection, Efficiency Enhancement, Survey Techniques,

Sensitive Data Collection.
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1 Introduction

Reliable measurement of stigmatized variables is a critical challenge in many research fields, including public
health and social sciences. Respondents’ reluctance to disclose sensitive information can lead to biases, underre-
porting, and compromised data integrity. Traditional methods, such as direct self-reporting, often fail to safeguard
privacy and are prone to social desirability bias. This study introduces innovative privacy-preserving techniques,
combining randomized response models with advanced scrambling algorithms, to ensure unbiased and trustworthy
estimates of sensitive data while maintaining respondent confidentiality. In sample surveys, researchers frequently
encountered significant challenges due to high refusal rates and false responses when collecting information on sen-
sitive traits. Such sensitive characteristics included cheating during examinations, undeclared income, tax evasion,
and induced abortions. In order to solve these issues, the ambiguous response approach was first proposed by
[16], and [13] gave rough estimates of variance for previous techniques. Moreover, [6] formulated forced empirical
models, and [17] devised simultaneous average and sensitivity level estimations, subsequently refined by [7] via an
additive scrambling framework. The works of [9, 15], [18, 19, 27, 33], and [20, 28] have collectively enhanced the
methodologies for estimating sensitive quantitative variables.

In view of these improvements, subsequent advances in randomized response algorithms have greatly addressed
issues such as bias regarding responses and estimate efficiency. Kumar and Singh [23, 35] presented cutting-edge
methods for eliminating bias between responses through randomized scattering techniques, whereas Gupta et
al. [12] developed an aggregate variance estimator that utilizes Diana and Perri’s randomization strategy [5]
Furthermore, Saleem et al. [30] presented improved estimators for population means.

Based on earlier research, Azeem [3] recently evolved under discussion with a weighted metric that combines
privacy along with efficiency. This gives us a complete way to judge how well randomized response approaches
function. Siddiqui et al. [32] contributed additional progress in the area by analyzing mathematical models that
take into account correlations between variables. Azeem [2], Bhat [4], Gupta [11], and Zahid et al. [37] also made
important contributions. Consequently, from a mathematical perspective, the restructuring improves variance
behavior and enhances PREs performance across varying sensitivity levels Shahid et al. [34].

We acknowledged the complexity of the challenge and envisioned innovative solutions to overcome it by pre-
senting an approach known as DSRRF-I. Motivated by the methodology of Huang [18], we proposed DSRRF-I
designed to acquire reliable information while preserving respondent anonymity. The novelty of the present study
lay in employing DSRRF-I to estimate both the mean and sensitivity levels through a two-fold response ap-
proach, wherein respondents used two scrambling variables, P; and @);, for each response. A key advantage of
this methodology was that collecting the second response did not incur additional costs. This two-fold response
strategy enhanced estimation reliability without compromising the integrity of the study. Moreover, the approach
minimizes response bias, further strengthening the validity of the estimates. It also ensures that sensitive data is

collected in a way that is both ethical and effective, contributing to the growing body of privacy-preserving survey
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methods. The application of this method holds great promise for a wide range of research fields requiring high

levels of confidentiality and accurate estimations.

2 A methodical strategies for precision and confidentiality

In this section, we discuss the background theory of the proposed strategies and present expressions for unbiased
estimators and their variances. We propose two additive and subtractive DSRRFs to estimate the mean pg and
sensitivity level W of the stigmatizing variable R using a double response approach. In the scrambling procedure,
two variables, P, and );, are added and subtracted from the actual response R in two separate steps. This
method aims to influence respondents’ perception, leading them to provide more reliable data on sensitive variables
by balancing over-reporting and under-reporting tendencies. The process ensures greater privacy protection,
improving the reliability of data collection. The extra burden of responding twice is addressed by informing
interviewees beforehand that their responses are anonymized and that parameter estimation will not trace back
to individual responses. Furthermore, interviewees would be clear about the estimation of the parameters in our

study of interest.

2.1 Randomized response inquiry on DSRRF-1

To operationalize this conceptual framework, we now detail the prescribed response strategy, which forms
the core mechanism enabling randomized yet informative data collection within DSRRF-I. The proposed model
addresses these issues by introducing the simultaneous addition and subtraction of scrambling variables to the
actual response in the scrambled response. The strategy involves selecting respondents from a sample of size n
using simple random sampling with replacement (SRSWR) and requesting them to provide two responses. In
the first response, if the respondent considers the question sensitive, they provide a scrambled response. The
scrambling procedure entails providing each respondent with two randomization devices that generate random
numbers, denoted as P; and @1, from pre-assigned Poisson distributions. The scrambling variables P; and @) are
then simultaneously added to the true response R. If the respondent does not consider the question sensitive, they
provide the true response R. In the second response, the same procedure is applied, with the difference being that
the respondent subtracts the scrambling variables P» and Q)2 from the actual response R. The two responses, V;

and V5, are expressed as:

Vi=R(l1-a)+a(R+P+Q1), (1)

Va=R(1 —a)+a(R—- P~ Q) (2)

As shown in Fig. 1, the structural mechanism of DSRRF-I during the randomized response process is depicted.

With the response mechanism clearly defined, the next step is to derive unbiased and efficient estimators that
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utilize the randomized responses to accurately infer parameters, ensuring proper connectivity in the analysis.

Second
First response
response

o

B

| End strategy |

Figure 1: The structural mechanism for DSRRF-I in the process of randomized response.

Unbiasedness and dispersion of estimators for DSRRF-I

We discuss the structural aspects that could influence the unbiased and efficient estimators (UEE-I) and

determine their precise manifestation. The UEE-I employs a randomized response technique to ensure that the
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expected value of the scrambled response closely approximates the true parameter, thereby minimizing variance

and protecting the confidentiality of responders. The unbiased and efficient estimators and the essential occurrences
of spanning clusters must be identified. The expected first and second responses, E(V7) and E(V3), in a sample of

size n are given by

EWV1) =1 =W)ur +W(ug +pm + 1), (3)

E(V2) = (1 =W)ur+W(pr — p2 —1). (4)

The unbiased estimators of u; and Wy are provided by the following expressions:

.V H+V 1 .
fir = 20 +1) + Vi(pz + ), under condition gy + g # —2, ()
p1+ po + 2
Iy V-V
W]:#a
pa + p2 + 2

under condition p1 + g # —2. (6)

Having established the estimators’ unbiasedness, it is imperative to examine their statistical properties in
depth by analyzing the dispersion and variance components that influence estimator precision. The dispersion
of unbiased estimators (DUE-I) in the randomized response method minimizes variance, thereby enhancing the

efficiency and reliability of the estimator. The variances of these estimators, zi; and WI, are expressed as follows:

ol o2
1 (1 + 1) (p2 + 1)Cov(V1, V)
" (11 + p2 +2)2 [2 n } ’ (7)
ot oy ov(V1,V
Var(Wr) = m (S) + (f) — 20021"/2) ’ (8)

as part of the subsequent analysis, the expressions (7) and (8) are essential for determining the variance between

the first and second responses zare given by

Var(V1) = - {oh + W( +90) + W1~ W) + 17}, (9)

Var(Vs) = % {oh +W (05 +73) + WL —W)(u2 +1)%}. (10)

Utilizing expressions (9) and (10), the procedure for computing the covariance between the responses E (V)
and E(V3) is outlined as follows: First, we compute the individual variances of the responses by applying the
appropriate formulas for each. Then, the covariance is calculated by considering the relationship between these

responses through their respective scrambling variables. This approach ensures that the final covariance estimate
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reflects both the inherent variability and the interdependence between the responses.

Cov(V,V2) = - (o — W (L= W)y + 1) (12 +1)). (11)

via substituting equations (9), (10), and (11) into expressions (7) and (8), the resulting formulations for the

variances of the estimators

0_2 2 52 2 2 52 2
o 52 2 52 2
R AL EE B

The variances of the estimators fi; and /WI for the stigmatizing variable are expressed in equations (12) and
(13). These variance expressions indicate that, with an increase in sample size, the variability of the estimators
diminishes, leading to enhanced precision of the estimates. To validate and complement the theoretical variance
analyses, we proceed with computational simulations that assess the practical performance and optimization of

the proposed DSRRF-I estimators under various scenarios.

Computational optimization of DSRRF-I simulations

We conducted a simulation study using Monte Carlo methods to evaluate the computational optimization of the
proposed DSRRF-I. The results demonstrate the effectiveness of this model in enhancing estimation accuracy under
various scenarios. The simulation results are based on 10,000 iterations, with sample sizes of n = 100, 500, and 1000.
In our simulation study, we evaluated the performance of our estimators (mean and sensitivity level) for varying
sample sizes n, while keeping the values of the model parameters constant. For the first response, respondents used
the scrambling variables P; and ()1, along with the genuine answer R;. For the second response, the scrambling
variables P» and Q2 were used, along with the actual response Ro, which follows a Poisson distribution. Table 1
provides an overview of the average, spread, and actual response parameters for Responses I and II, as utilized in
the original simulation of the DSRRF-I model. In DSRRF-I, we fixed the value of the parameter W and compared
it with the estimators from single-stage Huang [18] (fips and WM) in terms of PREs, using six values for W: 0.2,
0.3, 0.4, 0.5, 0.7, and 0.9. It was observed that as W increases, the PREs also increase, as shown in Table 1.

We further evaluated the performance of the mean and sensitivity level estimators by considering various
values for the involved parameters. For optimization, new parameter values were introduced. In the first response,
respondents utilized the scrambling variables P; and @1 along with the true answer R;. In the second response,
the scrambling variables P» and ()2 were employed alongside the actual response Rs, which follows a Poisson
distribution. Table 2 provides a summary of the average, spread, and actual response parameters for Responses 1

and II, as used in the original simulation of the DSRRF-I model. The results, shown in Table 2, demonstrate that
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DSRRF-I performs more efficiently under these conditions Huang [18].

Table 1: Overview of the average, spread, and the actual response parameters regarding Responses I & II utilized in the
orlglnal simulation of the DSRRF-I model. The simulated estimates and PREs of the estimators for DSRRF-1, ipsrrr_1

and WDS RRF_1, were compared to fips and WM for various parameter values.

Responses Average measurements Spread measurements Accurate replies

Response-I pi, po (2, 5) 62,62 (2, 1) pr1 (5), 0% (2)

Response-11 pi, p2 (5, 1) s (2, 1) pr2 (5), 0y (1)

n w i W fipsrrr—1 | Wpsrrr—1 | PREupgpne—1 | PREW snne_

0.20 | 3.9892 0.2006 3.9955 0.1999 313.82 1115.26
0.30 | 3.9995 0.3004 3.9995 0.2998 338.59 1148.43
0.40 | 4.0001 0.3996 3.9997 0.3999 381.64 1269.31

10 0.50 | 4.0004 0.5005 3.9999 0.5002 423.38 1422.55
0.70 | 4.0005 0.6998 4.0000 0.7003 563.06 2080.18
0.90 | 4.0006 0.8998 4.0001 0.9001 687.27 3947.91
0.20 | 3.9889 0.2000 3.9979 0.2001 247.91 1008.66
0.30 | 4.0001 0.3004 3.9992 0.2998 314.62 1118.02
0.40 | 4.0002 0.3999 3.9994 0.4000 376.68 1274.41

o0 0.50 | 4.0005 0.4999 3.9998 0.4999 437.42 1464.64
0.70 | 4.0007 0.6979 3.9999 0.6998 554.54 2129.28
0.90 | 4.0014 0.9000 4.0000 0.9000 676.45 3842.00
0.20 | 3.9993 0.2003 3.9994 0.2000 246.68 1022.09
0.30 | 4.0000 0.3003 3.9961 0.3001 313.28 1147.78
0.40 | 4.0002 0.4007 4.0012 0.4002 374.31 1229.13

1000 0.50 | 4.0004 0.5004 3.9979 0.4999 456.76 1489.15
0.70 | 4.0062 0.7010 3.9991 0.7000 401.57 2071.42
0.90 | 4.0074 0.9006 3.9956 0.9002 682.21 4021.68

In our graphical study, Fig. 2(a) for n = 100 shows that the PRE(/WI) increases almost linearly with W,
ranging from 300% to 655%. This suggests that the performance of DSRRF-I improves as W increases, although
the growth is moderate. For n = 500 in Fig. 2(b), the PRE(/VI?[) exhibits a more gradual rise, with values ranging
from 236% to 644%, indicating smoother and more reliable model performance at higher sample sizes. Fig. 2(c)
for n = 1000 further stabilizes the PRE(W[), with values between 235% and 650%, highlighting reduced variability

and enhanced precision, suggesting that DSRRF-I predictions become more reliable as the sample size increases.
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Table 2: Overview of the average, spread, and the actual response parameters regarding Responses I & II utilized in the

orlglnal simulation of the DSRRF-I model. The simulated estimates and PREs of the estimators for DSRRF-1, ipsrrr_1
and WDS RRF_1, were compared to iy and WM for various parameter values.

Responses Average measurements Spread measurements Accurate replies

Response-I w1, p2 (2, 5) 62,62 (2, 1) pr1 (6), 0%, (2)

Response-I1 p, pz (5, 1) s (2, 1) pir2 (6), 03y (1)

n W s W fipsrrr-1 | Wpsrrr-1 | PREupsunry | PREWpsppe_s

0.20 | 5.9123 0.2001 5.9827 0.2000 315.47 1120.35
0.30 | 5.8789 0.2987 5.9172 0.3003 340.12 1152.89
0.40 | 5.9476 0.3985 5.9484 0.4002 383.19 1273.87

10 0.50 | 5.9586 0.5023 5.9593 0.4995 425.01 1427.23
0.70 | 5.9872 0.6982 5.9896 0.7011 565.12 2085.37
0.90 | 5.9999 0.8984 6.0000 0.8994 689.83 3953.12
0.20 | 5.9282 0.1998 5.9390 0.2005 249.52 1013.72
0.30 | 5.9876 0.3004 5.9891 0.2996 316.23 1122.48
0.40 | 5.9898 0.4002 5.9984 0.3993 378.29 1278.97

o0 0.50 | 5.9985 0.5003 5.9993 0.5004 439.03 1469.32
0.70 | 5.9997 0.6983 5.8998 0.7002 556.15 2133.74
0.90 | 6.0002 0.8999 6.0001 0.9004 678.06 3846.46
0.20 | 5.9097 0.2012 5.9891 0.1999 248.29 1026.55
0.30 | 5.9793 0.2995 5.9899 0.3002 314.89 1152.24
0.40 | 5.9794 0.3999 5.9989 0.4001 375.92 1233.59

100 0.50 | 5.9892 0.5004 5.9996 0.4999 458.37 1493.61
0.70 | 5.9992 0.7000 5.9998 0.7003 403.18 2075.88
0.90 | 5.9999 0.9001 6.0004 0.9003 683.82 4026.14

The PRE(z;) in Fig. 2(d) for n = 100 shows a sharp increase at higher values of W, peaking at 3760%,
indicating heightened sensitivity with smaller sample sizes, making the model more responsive to changes in W.
In Fig. 2(e), for n = 500, the sensitivity increase is smoother and less volatile, with more steady growth as W
approaches 1, demonstrating a more stable model with a larger sample size. Finally, Fig. 2(f) for n = 1000 shows
the most stable and predictable growth in sensitivity, with the PRE(fi;) increasing steadily to around 3830%,
indicating that larger sample sizes lead to greater stability and reduced variability in sensitivity predictions.
Overall, the results from all graphs show that as the sample size increases, the model’s PRE values and sensitivity
levels become more stable with reduced variability. The sensitivity growth becomes more predictable and reliable,

particularly as W approaches 1, emphasizing the irgpor‘lc\lan%% z?f larger sample sizes in enhancing model reliability
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and minimizing the effects of noise in predictions.
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Figure 2: Variation of PREs values (WI and fiy) with respect to the parameter W across three different sample sizes (n=100,
n=>500, and n=1000).

The Fig. 3(a), mean estimator (fir), illustrates the relationship between sensitivity level (/VVI) and sample

size (n) on the mean estimator. As sensitivity upsurges, the mean estimator gradually enlarges, reflecting the

model’s adaptability to changes in the sample size. The Fig. 3(b), variance of mean (Var(fir)), shows how the

variance increases with both /WI and n, indicating the influence of sensitivity and sample size on the reliability of

the mean estimator. The Fig. 3(c), PRE for the mean (jis), presents the percentage decline in error for the mean

estimator, where the PRE enlarges with sensitivity, highlighting the enhancement in estimation accuracy as the

sensitivity level escalations. The Fig. 3(d) sensitivity Level (WI) represents the sensitivity coefficient, showing

a direct correlation with both (W; and n, where higher values of W result in higher sensitivity, emphasizing

the model’s responsiveness. The Fig. 3(e), the variance of sensitivity level (Var(wf)), reveals the variability in

sensitivity, which is more pronounced with higher sample sizes, suggesting that increased sample size impacts the

model’s sensitivity consistency. Finally Fig. 3(f), PRE for sensitivity level PRE (ﬁ/\[) demonstrates the percentage
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reduction in error for sensitivity, where higher sample sizes and sensitivity levels lead to increased accuracy in the

sensitivity estimator, reflecting the model’s overall performance enhancement.

(a) (b)

0.0

Sens; 0.8
Sitiy;, “10 O &
ty L"Vel o

Figure 3: The figure shows 3D surface plots of DSRRF-I model performance, displaying mean estimators, variances, and
PRE values across sensitivity levels and sample sizes.

3 Conclusion

This study developed novel DSRRF-I employing additive and subtractive scrambling mechanisms to provide un-
biased, reliable, and highly precise estimation of means and sensitivity levels for stigmatized quantitative variables,
while preserving respondent anonymity. Through rigorous theoretical derivations and comprehensive simulations,
the models demonstrated significant efficiency gains over traditional randomized response techniques. The ex-
haustive randomized response assessment of DSRRF-I demonstrated their distinguished operational frameworks
along with estimation efficiency, exhibiting the benefits of dual scrambling and staged randomization in minimizing
response bias and enhancing estimator accuracy. As DSRRF-I improve data accuracy without adding extra work
or expense for respondents, they represent a significant step forward in survey techniques. These models are espe-
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cially important for public sector decision-makers and socioeconomic planners, as they provide more trustworthy

and feasible information for policy formulation and decision-making. Moreover, the versatility of the DSRRF-I
opens up possibilities for broader applications across various sectors, including healthcare and social research.
Future research can focus on refining these models further and adapting them to diverse data collection contexts

to maximize their impact.
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